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ABSTRACT

A far—wing line shape theory which satisfies the detailed balance principle is applied
to the H,0 — H,0 system. Within this formalism, two line shapes are introduced,
corresponding to band—averages over the positive and negative resonance lines,
respectively. Using the coordinate representation, the two line shapes can be obtained by
evaluating 11—dimensional integrations whose integrands are a product of two factors. One
depends on the interaction between the two molecules and is easy to evaluate. The other
contains the density matrix of the system and is expressed as a product of two
3—dimensional distributions associated with the density matrices of the absorber and the
perturber molecule, respectively. If most of populated states are included in the averaging
process, to obtain these distributions requires extensive computer CPU time, but only have
to be computed once for a given temperature. The 11-dimensional integrations are
evaluate using the Monte Carlo method, and in order to reduce the variance, the
integration variables are chosen such that the sensitivity of the integrands on them is
clearly distinguished. Numerical tests show that by taking into account about 107 random
selections, one is able to obtained converged results. We find that it is necessary to
consider frequency detuning, because this makes significant and opposite contributions in
the two band—averaging processes and causes the lines to be asymmetric. Otherwise, the
two line shapes become symmetric, are the same, and equal to the mean of the two shapes
obtained including the frequency effects. For the pure rotational band, we find that the
magnitude of the line shape obtained from the positive line average is larger than that
obtained from the negative line average for w > 0 and vice versa for w < 0, and their gap
increases as the frequency displacement from the line center increases. By adopting a
realistic potential model and optimizing its parameters, one is able to obtain these two line
shapes and calculate the corresponding absorption coefficients which are in good agreement
with laboratory data. Also, this same potential yields good theoretical values for other

physical properties of the dilute H,O gas.




I. INTRODUCTION

In previous papers, we have presented the theory for the calculation of far—wing line
shapes and the corresponding absorption coefficients for interacting pairs of molecules.!3
Assuming only the binary collision and quasistatic approximations, we have shown that by
using the coordinate representation to describe the orientation of each molecule before and
after the transition, we are able to reduce the problem to the calculation of
multi—dimensional integrals. The dimensionality of the integrals depends on the type of
molecules involved; specifically for two linear molecules (e.g. CO,—CO, or CO,—N,) the
dimensionality is 7, while for one asymmetric top and a linear partner (e.g. H,0-N,) it is
9. For the first case we were able to obtain converged results with a sophisticated
interaction potential using conventional integration methods.! However, for latter case, we
had to use the Monte Carlo method.® This system is important in atmospheric
applications, where we have shown that the absorption (known as the "foreign continuum")
is in good agreement with experimental results.? Because the absorption by H,0-H,0
pairs (the "self continuum") is more important, we would like to extend our theory to the
case of two interacting asymmetric tops; the dimensionality in this case is 11, thus
implying a big challenge to obtain converged results. In a previous paper, we have shown
that by considering an interaction potential conté.ining cyclic coordinates, the
dimensionality is reduced to 7, and one can obtain converged results.?

One goal of the present paper is to remove this restriction and calculate the
far—wing line shape for H,0—H,O using the most general interaction potential. To
accomplish this goal, it is necessary to modify the Monte Carlo routine used préviously
such that the sensitivity of the integrand on the integration variables is clearly
characterized. A second goal is to investigate the asymmetry of spectral lines; in order to
do this, one has to carry out band averages in a more sophisticated way and consider the
frequency detuning effect in the line shape calculations. Based on the present work, one

can conclude that the band—average line shapes are asymmetric and, in addition, one would




expect different line shapes for different bands.

In order to reduce any unphysical effects in calculated results, we carry out all
numerical calculations based on formulas which satisfy the detailed balance principle
exactly and have a higher accuracy in the short—time limit.4 As expected, this increases
the difficulty because the formulas become more complicated. Thanks to great advances in
computers made in recent years, we are able to overcome this obstacle successfully.
Finally, we utilize a realistic interaction potential applicable for the dilute H,O gas that
not only gives good agreement between theory and experimental temperature—dependent
second virial coefficients and differential scattering cross—sections, but also yield absorption
coefficients that are in good agreement with the experimental self continuum data. We
note that because the theory has a sound physical basis, we expect that theoretical results
calculated at lower temperature, which would be extremely difficult to obtain
experimentally because of the lower vapor pressure attainable, are valid.

The paper is organized in the following way. In Sec. II.A, we present the
expressions for the correlation functions and the spectral densities which satisfy detailed
balance exactly. In Sec. II.B, we introduce two band averages and the corresponding line
shape functions. The application of the coordinate representation for the system consisting
of two asymmetric tops is presented in Sec. II.C. The main purpose is to introduce the
density matrices of the absorber and the perturber molecule, which are three dimensional
distributions, and to show how to calculate them. This is the most costly calculation in
the present study and the results obtained are used to get the line shapes later. In Sec.
II.D, we discuss how to calculate the frequency detuning correction. The method is similar
to that used to calculate the line shapes without this correction, except one has to
developed a new technique to deal with the integrand containing a derivative. The
necessary generalization of the Monte Carlo method to 11-dimensional integrations is
discussed in Sec. IL.LE. In Sec. IL.F, we discuss a realistic interaction potential which gives

good agreement with various molecular data measured in the dilute gas phase, including




the absorption coefficient. Then in Sec. II.G, we apply the theory to obtain two line shape
functions numerically for several temperatures and discuss some of their general features.
We use these results to calculate the corresponding absorption coefficients and compare
those obtained in the 300 — 1100 cn™ spectral region for the room temperature with
experimental results. In Sec. III, we discuss the results obtained and the conclusions drawn
from the present study.

The present work, together with the previous calculations for simpler systems,
constitute a general formalism in which one can obtain from first principles the far—wing
line shapes for any colliding pair for which a realistic potential is available. Conversely, if
experimental data for the line shape or the corresponding absorption coefficients are

available, one can use this formalism in order to test the accuracy of the potentials.

II. THE GENERAL FORMALISM
A. Symmetric Correlation Function and Spectral Density Which Satisfy the Detailed
Balance Principle

The absorption coefficient o{w) of a gaseous sample with a unit volume is given by

o(w) = §T n, w tanh(Aw/2)[F(w) + F(-u)], | (1)
where n, is the number density of absorber molecules and the spectral density, F(w), is the
Fourier transform of the correlation function C(t). One separates the total Hamiltonian H
into two parts: one commutes with the internal coordinates of the molecules while the -
second does not. We note that this distinction of H usually coincides with the division of
the interaction into two parts: Vi, and V,;, the isotropic and the anisotropic interactions,
respectively. Accordingly, the total Hamiltonian H is decomposed as

H=H, +Hy+ Vi, + Vs = Hy + V.5, (2)

where H, and Hy are the unperturbed Hamiltonians of the absorber and the bath

molecules, respectively. In practice, for atmospheric applications where the gas pressures




are low, one can introduce the binary collision approximation and focus on a much simpler
system consisting of one absorber and one bath molecule. For simplicity, we don’t
introduce new symbols for the two—molecule system.

It has been shown that one is able to express C(t) in the t + 0 limit, which is valid

to order t?, as*

C(t) = n, » Te{(etet g, W)t gy Vent [ Lanit( e Mooy (3)
where n,, is the number density of the bath molecules, v = Tr[e_ﬂ Ho]/ Tr[e—ﬁ H] and the
Liouville operators L, and L, corresponding to ‘Ha' and Vgni, respectively, have been
introduced. For later convenience, we can introduce a symmetric correlation function é(t)

(= C(t + ihB/2)) defined by

St if.t I 14
(t) = n, v Tr{(e2™*"Vpy, p% 4 p3)

< e PVanile Lanst(e™ #hat o 5 ) 6= HVans). (4)
From these expressions, it is easy to verify that C(—t) = C(t + ih/) and é(—t) = é(t)
which guarantees both of them satisfy the detailed balance principle. 4%

By expressing é(t) explicitly as summations over indices i, j, i’ and j> where each
represents all the quantum numbers necessary to specify the energy levels of the absorber
molecule, one is able to write é(t) as

=3 2 Htwpe)t o Tr {<jlod ulod vl
ij 1§’

« <i|pigge P Vani e Vanit|ivs <i| péwz‘fn»’ <pleVant e FVanifi).  (5)
In the above expression, wj; = E; — E; and the the subscript b of trace denotes the trace
over the remaining variables including all magnetic quantum numbers. We assume that
the interaction between two molecules does not depend on their vibrational quantum
numbers. As a result, in Eq. (5) the vibrational quantum numbers of i and i’ are identical
and those of j and j are also identical, but the former could differ from the latter. By

choosing the Z axis of the space—fixed frame along the separation between the two




molecules, the interaction V, ;(r, Q,, ©,) depends on the orientations of the two molecules
represented by {2, and 1, respectively, and on r, the distance between the centers of mass,
which can be considered as a parameter since the translational motion is treated classically.
In Hilbert space associated with the internal degrees, one denotes the eigenvalues and
eigenvectors of V,,(r, £, ) by G, and | (>, respectively; thus

Vani(r’ 2, nb)l > = G((r)l ¢>. (6)
Then, by performing the Fourier transform of the correlation function C(t) and carrying
out an integration over r (i.e., the classical ensemble average over r which is valid within
the quasistatic approximation), one is able to obtain the symmetric spectral density f“(w),

- 1 .

Flw) =2 2 z Xij;i’j:[“‘%(wji + &)yp)]- (7)

ij i'j’
The explicit expression for ¥;;.;,;,(w) is given by
)
~ - AT S 3 SN
Yijop(@) = ) He(w) § ) ) <nliiv> <iiplod 403 /g liiy> <iiy| ¢>
tn {m} s 3}
11
x <C|Pip> <i’ip|voy o3 w okl iip> <jiplm>, (8)

where iy, and i} are indices used to specify the states of bath molecule and {m} indicates
the summation over all magnetic quantum numbers. In the above expression, Hep(w) is

defined by
1

Giq(te)
where G{,(r) denotes g?[Gc(r) — G, ()], and 1 are roots of the equation
G(ro) ~ Gyfr)) = w (10)

We note that in Eq. (7), the summation indices i, j, i’ and j’ exclude their magnetic

ﬁ(ﬂ(w) = ny v 4r’r? e~ AViso(re) — Al6¢(rc)+ 6q(xc)]/ 2 (9)

quantum numbers since the summation over them has been carried out. The functions
;ij,i,j,(w) introduced above are symmetric for the exchange of indices {i j} » {i’j’}.

b
Meanwhile, with respect the exchanges {i j} - {ji} and {i’j’} - {ji’}, it is easy to verify

that '}ji_ pi(—w) = ;ij_i,j,(w).‘ In terms of F(w), the absorption coefficient o w) becomes




2 -
o(w) = 371, w sinh(hw/2)F(w). (11)
Finally, it is worth mentioning that f‘(w) = &P/ 2F(w) and f‘(—w) = ﬁ‘(u). The latter is
required by the detailed balance principle.

B. The Averaged Line Shapes with the Frequency Detuning Correction

We consider a band consisting of transitions between states with two vibrational
quantum numbers specified. For simplicity, we designate a pair of i and j (i.e., a line) by
the symbol k. If necessary, we use symbols k, and k_ to distinguish a positive resonance
line with E; — E; > 0 and a negative resonance one with E; —E; < 0. Then Eq. (7) can be

expressed as

o) =34) 37, 0= Koot wall + ) VF [0+ e — wl), (12)
- k-n

k+n

where wy, (= |wj;|) is positive. We note that in Eq. (12) we have not explicitly
characterized the symbol n by + or — yet because thé band of interest has not been
specified. For the pure rotational band resulting from transitions without changing the
vibrational quantum number, both the symbols n in two terms of Eq. (12) could be n, and
n_because there is no link between the choices of k and n. Meanwhile, for a vibrational
band, k, or k_is always associated with n, or n_, respectively. In tfds case, i and i’, and
also j and j’, share the common vibrational quantum numbers and, in general, these two
different vibrational quantum numbers determine whether k (i.e., a pair of i and j) and n
(i.e., a pair of i’ and j’) belong to the positive or the negative resonance. Therefore, for the
vibrational bands the symbol n in the first term of Eq. (12) should be understood as n, and
those in the second term as n_. This custom'is applicable for the equations following.

On the other hand, by introducing two common line shape functions :t',(w) and }_(w)

one can express F(w) as

Fo) =7 ] alal® [g=gp - + g+l (19)
k+




where p (= py;} is the reduced dipole matrix element and p, = Yp;p;- In order to find
expressions for }}( w) and }_(w), one performs the Fourier transform for Eqs. (12) and (13)
and compares the results to their time—domain versions. As a result, the following
equation has to be satisfied:

) ;h;n(t)e%(wko+wn)t ) ;k.;n(t) o M —wp)t
k-n

k+n

1 - . . .
= Fl 5 ()] 2 Pl ] %6 et 5[‘&,‘2 ¢ (w)] z pil ] 4, (14)
k+ k-

where for simplifying the notations we use the symbols ')V(k (), S'(k ), 5 [%2 :t',(w)], and
+ -1
1 % . ~ ~ 1 % 1
&[5z 4 (w)] to represent the Fourier transforms of xh;n(w), xk-;n(w), 3 44(w), and 25

¥ (w), respectively. Furthermore, one assumes that one can separate Eq. (14) into two
equations, one associated with a summation over the positive resonance lines and the other

over the negative resonance lines,

Izt W= 1%, . ® Mt ealt /7 p 12 i, (15)
k+n s+
and
Sl =] i, (¢ et ] g )2e et (16)
k-n ’ §+

Then, with Eq. (15) it is easy to obtain an expression for & [—375 }"(w)] which is valid in the

short—time limit:

15 1 ~ i[Hw, -wlt ’
Fioa ) = { ] 1i, . (1) ellhoten) Ol (17)
k+n
where N is the normalization factor defined by
N=) olml? (18)
ke

and wis the average positive resonance frequency defined by

O=x) plml? e | (19)
k+

By performing the inverse Fourier transformation, one is able to derive the expression for
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Z,(w) valid at |w| — oo

2 (w) = “’21%2 2§k‘;n[w—-%(wk‘ + wy) + w]. (20)
k+n
Similarly, one can derive
1(w=wg) Y ¥ [0+ Ko, —w,) - 3] (21)
k-n

In Eqs. (20) and (21) the arguments of functions depend on the summation indices
and this results in difficulty to obtain ,},(w) and }_(w) directly. In practice, one prefers to
derive an expressions for }',(w) and (w) irwhich the summations are performed over
functions whose arguments are independent of the summation indices. For this purpose,
the frequency detuning approximation must be introduced. As an example, we consider

Eq. (20). With the Taylor series expansion of ;k . |w—Hwe, + w,) + W] over w, one can
+#n

approximate X ,(w) as

LW =2) + P ) [ Yo+ )] § () (22)
k+n
where
:t;(w) z w? ﬁ-i 2 3“(b;n(w), (23)
k+n

and ;; (w) = d'}'(k . (w)/dw. In the left side of Eq. (22), the first term 2,(w) comes from

simply ignoring the frequency detuning and the second term is a correction. We note that
in our previous study,® a shift parameter was introduced to treat the effects from the -
frequency detuning. However, it is better to calculate the contributions from the second
term directly because it turns out that, except for some simple cases, the previous method

could introduce numerical errors. Similarly, one can approximate ¥ (w) as
- . 1 _ .,
(W) =2 (u) + ”NZ LT+ Yo — w2 (W) (24)
-n

where

1%, (9. (25)
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Using the symmetries %k (W)= ;k . (w) and ;k . (~w) = ;k . (w) (the latter is
=1l - -4 +10-

+1¢

appropriate for the pure rotational bands only) mentioned above, one can show that
¥ (~u) = 7,(w), (26)
and
1(~w) = 1,(w). | (27)
If one does not distinguish the two shapes .-f,(w) and }_(w) in the expression for i‘(w)
given by Eq. (13) and replaces them by only one shape }'(w), one can pursue a similar

derivation for .}(w) and obtain

M) =YY T w—Hon + o)) /] oul il (28)
kn k

A simple version }'(w) defined by
0= 11,0 Dl 9)
n

can also be introduced. In this case, both }’(w) and }(w) become symmetric and, in
addition, up to the first—order approximation, }(w) is the same as :t’( w) because there is no
net contribution to .}(w) from the first derivative term of the Taylor series expansion of
Xl = Hoy + )]

In summary, we note that within this formalism no matter which functions are
chosen for the line shape, in terms of them the symmetric spectral density ]g‘(w) always

satisfies the detailed balance principle. The formalism outlined above was developed

several years ago.® However, at that time, except for the simplest system, such as CO,
Ar, to calculate converged line shapes for systems of interest in atmospheric applications
was formidable. The main obstacle was the calculations involving a diagonalization

procedure of the anisotropic potential which exhausts computer resources very quickly.

C. The Coordinate Representation

Recently, we have developed a formalism based on the coordinate representation in
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which the eigenfunctions of the orientations of the system are chosen as the complete set in
Hilbert space.!® The advantage of introducing this representation is that the
diagonalization of the potential becomes unnecessary and the main computational task is
transformed to the carrying out of multidimensional integrations. For systems consisting
of two linear molecules, or one linear and one asymmetric top molecule, or two asymmetric
top molecules, the dimensionality is 7, 9, and 11, respectively. In addition, we have shown
that using the Monte Carlo method, one is able to evaluate up to the 9—dimensional
integrations required for systems such as H,0 = N,.3~Combined with techniques developed
recently to handle sophisticated potential models,? one is able to implement realistic
potentials for these systems and derive accurate, converged results for the far—wing line
shapes and the corresponding absorption coefficients.

In the present study, we are interested in a system consisting of two H,O molecules.
In order to reduce any unphysical effects, we base our study on formulas which satisfy the
detailed balance principle exactly and have a higher accuracy in the short—time limit.
Besides extending the Monte Carlo method to evaluate 11—dimensional integrations
required for line shape calculations, we would like to answer some questions in depth. We
want to know whether the line shapes are asymmetric and if they are, to find out the origin
of the asymmetry. In other words, we want to know whether it is necessary to introduce
two line shapes instead one, and why they differ from each other. As expected, in
comparison with our previous studies, this introduces extra difficulties. Fortunately,
thanks to the coordinate representation and the Monte Carlo method as two powerful tools
to perform averages, and also to great advances in computers made in recent years, we are
able to overcome these obstacles and we make significant progresses.

The details about the coordinate representation and the Monte Carlo method have
been presented previously!-3 and are not repeated here. We only report new features.
Since we want to carry out band averages in a more sophisticated way, we have to

introduce a positive and a negative resonance dipole operator in the Hilbert space of the
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absorber molecule denoted by ui and pﬁ, respectively. The former is defined by

> . . . .
ba= ) <iluli> li><ijl, (30)
E;>E;

and the latter by

< . . . .
pa= ) <ilugli> li><jl. (31)
E;<E;

We note that for the vibrational bands j denotes a higher vibrational quantum number
thaniin Eq. (30) and vice versa in Eq. (31). Then, with Eqgs. (8) and (23), one can rewrite

2 ,(w) as a summation over ¢ and 7

) o -
2(w) = & § ] Hegl®) Gieny» (32)
¢n
where G, are defined by
. 1 S 21_ * 1 1
tem = ) (<CUWPy 03 1z 0% | 1>)* < (|Vpy 08 g P3| 7>, (33)
m
and defined by
' 1> 4 1ooy* } > 4
tem = ) (<Cl4py o3 12 0% |1>)*<(|Vpg 93 1 o3| 7>, (34)
4 .

for the pure rotational bands and for the vibrational bands, respectively. For simplicity,
we will only present formulas applicable for the pure rotational bands and simply mention
differences between them and their vibrational analogs. In the expression for :t',,( w) given
by Eq. (32), the summation terms are products of I-Im(w) and G((,,. The former are
functions of w and their values depend on the interaction potential between the two
molecules. The latter are common for all frequencies and their values are independent of
the potential. With the coordinate representation, no matter how complicated the
potential is, to calculate values of P-Icﬂ(w) is straightforward since the potential is a
diagonal operator. On the other hand, to obtain the G! o) involves a lot of calculations,
because they contain the density matrices which are differential operators. Fortunately, for

a given temperature, these calculations need to be done only once since results obtained are
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applicable for all potential models. Thus, we can calculate them and to store them in an
input file.

In the coordinate representation, the basis functions | (> are nothing but the direct
product |§(f2, — Q,c)> @ | 6(y, — Ny, )> where the notations of | §(0, — 2,.)> and | 5(02, —
ch)> are used to represent specified orientations of the absorber and the perturber
molecules, respectively. Accordingly, one can separate the dependence of G ¢ ¢y on the

absorber and on the perturber molecules and express it as the product of G, ¢ and

(;b((n)’

. 1 > 1 1 1
) = 2 (<6(Qa - na()lpg by P;ﬂ 6(03 - Qaﬂ)>)*<5(na - Qag) | p;‘ HEn Pgl é(na - na'q)>
m

x | <8(y, — D) [Vop ] 6(D, — D) > | 2
= Gaogm * Googm - , . (35)
For the vibrational bands, the dipole moment operator x  in Eq. (35) is replaced by ,ui.
In comparison with G, ) the expressions for Gy, () are simpler because they do
not contain the dipole operator. For the iinear, syin-fnefrlic top, and asymmetric top
molecules, the explicit expressions for Gy, ) have been presented and the corresponding

profiles have been discussed in our previous papers!™ and we do not repeat them. With

+

a({n)
symmetric top, and asymmetric top molecules, respectively. We do not present all of

respect to G one has to derive the corresponding expressions valid for the linear,

them, rather only the last and the most complicated one applicable for H,0. It is well
known”’8 that the wavefunctions of H,0, |jrm>, can be expressed in terms of an expansion
of symmetric—top wavefunctions |jkm>,

ljrm> =} Uy | jkm>
k : . ) .
=Y U, (DR AL D (@ B, 7, (36)
k |

where D;l,k(a, B, (= e_imadr‘il,k(ﬁ)e_ik'y) is the rotational matrix. With Eq. (36), one

is able to express G, as,
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DL
Gaem = 22 Axx’ x,x’("‘mm’ﬁ(cm’ Yeem s (37)
L KK’

where a s B, o and 7, ¢ aTe the three Euler angles used to represent a rotation
resulting from two successive rotations, i.e.,

Rla¢n)s Biems Yegm) = RN g, B, 1) Ry, By Tn)s (38)

and the summation indexL =0, 1, 2, - - +; both indices K and K’ run from — L to L. In

the above expression, the coefficients Axx’ are given by
L* 1 1+L+K . . — 0E(j,, 7 )+E(,,
AL = e (1) D) (it )i INE, €, @ A0E(i 7 )+E(j375)]

i1T1i272

ST - - 1 E ')’ ) E '), ) o s sy s
x 2 2 (- 1)J1+Jz N IESY VARSI 1BEGL T)+E(57))] W(j} 3, 1 jp1 L)
{iiri}e 5373

J J ..
{E (=17 Ui’y Uik 1, CliJ L k KK K)}
. {2 (- 1) Uk i Ui 5y €L L KK 0 K))

*{EU n,,C(mpnOno} {EU n,,cozlaz,nzonz)} (39)

n,
where E(J,T) are the energies of the state labeled by the quantum numbers j and 7, g, is its

nuclear spin degeneracy factor, C(j; j, L, k K-k K) is a Clebsch—Gordan coefficient, W(j}
2 J1ip1 L) is a Racah coefficient, and the summation over j} and 7} indicated by a symbol
{3171}, is limited to a range with E(ji7}) > E(j,7,). We note that for the vibrational bands,

the expression for A% | is similar to that given above except that the states labeled by jit}

xx’
and jj7) and the states labeled by j,7, and j,7, belong to a higher and a lower vibrational
level, respectively. In addition, another limitation of E(jj}) > E(j,7,) is also enforced in
the summations.

With Eqs. (37) and (38), one can conclude that G}, are three—dimensional

a(Cn
distributions over three Euler angles used to represent a rotation of the molecule from the

initial orientation to the final one, labeled by ¢ and 7, respectively. With respect to £ (w),
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one can introduce G;(,, and write down similar equations to Egs. (32) and (35).
Meanwhile, G, can be given in terms of A;;, and D;)x,(a( e Boem s Vg ) in the
same way as shown by Eq. (37). The expression for A;;, is almost identical to A;;, shown
by Eq. (39), except that the summation over j; and 7} is limited to a range with E( im) <
E(j,7).

Although the calculations of A;;, and A;;, are straightforward, there are many
summation loops involved. Usually one introduces a cut—off Jmax t0 exclude less populated
states. It turns out that as j_ . increases; not only more'CPU time is required to calculate
each A;;, and A;;, because the ranges of loops become larger, but also the number to be
evaluated increases quickly. Fortunately, one does not need to calculate all of them since
some are identical and others are zero. For H,0, due to the symmetry of Uljﬂ, all the
coefficients A;;, and A;l;, are zero unless their indices K and K’ have the same evenness or
oddness. In addition, for the non—zero coefficients there are symmetries A;;, = AE;_K,,
A;l;, = Afl;_x,, and A;;, = A;’.x' As a result, if one introduces a cut—off j , = 23 (which
is the highest angular quantum number of the initial states listed in the pure rotational
band of the HITRAN 92 database®), there are 18424 values of A;;, and 18424 of A;l;,
needed to be evaluated. If one uses an even higher cut—off j . = 26, these numbers
become 26235. By utilizing a dozen Workstationé, we are able to manage the latter in less
than two days. We note that to obtain these coefficients is the most costly calculational
part in the present study.

After all A;;, and A:;I;, are available, we can easily calculate G, ¢y, and G; ¢y,
which are three—dimensional distributions over the Euler angles & ¢y, A(¢n)» 20d 7y -
In cases where no confusion results, the subscripts of these Euler angles are omitted.
However, it is better to express them as distributions over their two sensitive variables 4

and u (= (@ + 7)/2) and one insensitive one v (= (a — 4)/2). The explicit expression for

G, (¢n used in the numerical calculations is given by
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+ L* L
Ga( c-q) (ﬂ; u, V) = 22 AKK’ EKK’ dKK’(ﬂ)
L KK’

x {cos[(&+K’)u] cos[(k~k’)v] — sin[(k+K’)u] sin[(k— ©’)v]}, (40)
where the ranges of the indices L, K, and K’ are from 0 to 2j_,., from 0 to L, and from — L

to L, respectively; e¢__, =1for K = 0, and g = 2 otherwise. The expression for G, )

KK’
is similar to Eq. (40), except a replacement of A:;, by A;;,. However, due to the
symmetry A:;, = A; ’-x mentioned above, Gy, (8, u, v) does not differ from G e (Bs 1,
v) significantly. In fact, it is easy to show that
Gagn (B0, ) = Gy (B u, 7). (41)

This means that with respect to the sensitive variables # and u, they have same
distribution patterns. Meanwhile, with respect to the insensitive v, one is the others’
mirror image.

Because G ¢y, (6, u, v) and G;((y, (6, u, v) are three—dimensional, it is impossible
to plot their profile in one figure. We calculate several two—dimensional distributions of
G (cm (@ By, 7) over the Euler angles o and 7y at 296 K obtained with the fixed §, = 5, 22,
38, and 50 degrees, respectively, and present their corresponding three—dimensional plots in
Fig. 1. From the figure, one can easily see that the magnitudes of G, ,,, decreases very
fast as f, increases. More specifically, for f, = 22, 38, and 50 degrees the magnitudes
decrease by about one order each. In addition, these G}, ) exhibit symmetry with respect
to the axes (a + 7)/2 and (@ — 7)/2. In order to show the profile of Ga(¢n) at 296 K over
the two sensitive variables f# and u, we calculate its average over v and present the
resulting two—dimensional distributions in Fig. 2. One has to imagine that the profile
shown in Fig. 2 extends along another dimension, i.e., the v axis which is perpendicular to
the f—u plane and is missing in the figure. Furthermore, the range of extension along the v
axis varies from the minimum 0 at u = 0 and 27 to the maximum 27 at u = 7. As shown

in Fig. 2, there are five sharp peaks located along the u axis at u = 0, /2, 7, 37/2, and 2,

respectively, and they are symmetric with respect to the plane u = 7. The magnitudes of
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these peaks decrease very fast as f increases. We note that in contrast with Fig. 1, a
logarithmic coordinate is used to plot the magnitudes. From Figs. 1 and 2, one can
conclude that the peak at u = 7 is dominant. We do not present the profiles of G, ¢y for
other temperatures, but simply mention that they have similar patterns, but the peaks
become lower and wider as the temperature decreases. On the other hand, it is
unnecessary to present similar figures for G ) because one can easily obtain them from
Figs. 1 and 2. In fact, Figs. 1 and 2 are also applicable for G, ¢y €xcept that one has to
switch the labels o and 7in Fig. 2. Finally, we note that because G; ¢y, (4, u, v) and
atcy (B, u, v) are independent of the potential, it is wise to calculate them first and store
them in files. Then, when one carries out repeated calculations for ;t',(w) and }’_(w) to
optimize the potential models, one does not need to evaluate the values of G}, o (B, u, v)
and G; ¢y (4, u, v) again. In addition, using the interpolation method one can easily
obtain their values for a random selection of §, u, and v from these input files. Otherwise,

one has to independently evaluate them about 107 times in the Monte Carlo calculations.

D. Contributions from Frequency Detuning

So far, our discussion has been focused on how to apply the coordinate
representation for calculating },( w) and .}_(w). In order to calculate J(w) and }’_(w), one
has to go further by adding contributions from the frequency detuning. We briefly explain
a method used to obtain the second term of Eq. (22) associated with }’,(w). In comparison
with evaluating the first term z J(w), the only additional obstacle is that the integrand

contains a derivative ;1’: . (w). In practice, except for special cases in which analytic
+n
expressions for this derivative are available, to evaluate values of ;l" . (w) is much more
+# N
difficult than 'fk . (w) because a numerical subroutine is required to obtain the former from
+Nn

the latter. Given the fact that there are about 107 random selections in the Monte Carlo

calculations, this means that this subroutine must be called 107 times. Fortunately, except
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for this part, the other parts of the second term do not depend on the frequency.
Therefore, it is better to reverse the order of the derivative and the summation (i.e.,

integral) operations. In other words, instead of 1%»2 E [w—Hwy, + wy)] %1,; . (w), we can
# 1N

k+n

calculate a new term given by 1%72 2 [w—Hws + wy)] Irk . (w). The results obtained are
+#n

k+n

a function of the frequency represented by a set of values of the inltegrations and a set of
corresponding frequencies. Then, with the numerical subroutine, one is able to obtain the
derivatives which are just the second term we want to calculate. As explained above, the
subroutine is called only once. With this technique, the costs to calculate the second term
of Eq. (22) is comparable to the first.

The same method used for :t‘,,(w) explained in Sec. II.C is also applicable for
evaluating this new term. We do not repeat a detailed discussion, but simply mention
things which are different. In this case, a new set of coefficients B;;, can be introduced
whose expression is almost the same as A;;, given by Eq. (39) except a factor of {w—
HEG) —E@,ry) + E(§yr3) — E(§,7,)]} is inserted inte the inside of summation loops over
the indices j,, 7,, 5, 74, J1» 71, J3, and 7). Similarly, one can introduce a set of coefficients
B;;, associated with the second term of Eq. (24) for :t'_( w) whose expression is the same as

BL' except the summation over j; and 7} is limited to a range with E(j}7}) < E(j,7,). We

x”
L~ L*
and AKK,, B - and BKK,

except Bxx’ = - BL Then, one can introduce two

note that in comparison with AL’ have similar symmetries B

= BLK _pandBl, = BY

KK’

K K”

three—dimensional distributions associated with Bxx’ and BE —_—

their values in two input files the same way as G, ¢y (6, u, v) and G5 ¢y (6, u, V).

respectively, and store

Finally, by comparing these two distributions, their patterns are closely related each other
as shown by Eq. (41) except one has to add a minus sign on the left side since their values
become opposite.

As expected, to evaluate Bt K, and BY requires considerable CPU time, and the

KK’

and AL

KK In fact, for specified L , K and K’,

costs are approximately the same as for A“,
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one does not need to calculate the four coefficients separately and one can evaluate all of

them simultaneously.

E. A Monte Carlo Calculation of 11-Dimensional Integrations

As an example, we explain how to calculate }+(w) from Eq. (23) in detail. In the
coordinate representation, the summation of I.Ic,](w)G(‘ ¢y OVer ¢ and 7 becomes a
11-dimensional integration of I.Ic,](w)G(‘cﬂ, over the Euler angles f§,;, 7., s Boes Toes
s Banp Tanp Qs Bomy a0d Yoy 10 which the first five (including ay¢ = 0) specify the initial
orientations of the system and the last six specify the final ones. We note that due to the
rotational symmetry of the whole system, one can always assume oy = 0. For such high
dimensionality, the Monte Carlo method is the only way to evaluate the integrals.

It is well known that in the Monte Carlo computation, it is important to distinguish
the sensitive and insensitive variables of the integrand, and to incorporate this into the
integration variables since this enables one to tailor the important sampling and to reduce
the variance dramatically. In the present case, the integrand is a product of ﬁC.n( w) and

(¢ - With respect to their variables, the former is a smooth function as shown by Eq.
(9), but the latter’s values vary wildly and could differ from each other by many orders of

magnitude. This means that the sensitivity of integrand is mainly determined by G )

+

or more specifically, by G, ,

y and Gy ¢y, - We note that G;((,, and Gy, depend on
relative orientations between the initial and final positions of the absorber and disturber
molecules, respectively. Therefore, it is proper to represent the final orientations of the
system labeled by 5 in terms of the body—fixed frames instead of the space—fixed frame.
The body—fixed frames introduced here are those attached to the two molecules at their
initial orientational positions. For the asymmetric—top molecule, one chooses a, ﬂc, Yo

Q(en) s 'B((n)’ and 7, ) instead of a, ﬂC’ Ve Oy B, and Ty s variables. However, similar

+

a(¢y onits

to the behavior of Gy, ((,,, explained in our previous study,’ the sensitivity of G

two variables ¢y, and 7y, is interwoven such that neither is a sensitive or insensitive
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variable, but their combinations u, O and v, ¢y are. Therefore, in order to well

characterize the sensitivity, a replacement of a, ¢ Bien» and ¢y BY Bienys Uien» and

+

a(Cn
This is a further step necessary to evaluate 11—dimensional integrations because, in

Vi a8 variables in G y 1s appropriate. The same conclusion is also true for Gy, o -
comparison with 7 or 9—dimensional ones, not only the dimensionality becomes higher, but
also the distributions of the integrand become more nonuniform. However, in order to
incorporate these new choices for the integration variables, one has to pay extra attention
to their ranges. More specifically, since u, ¢ varies from 0 to 27 and v ¢, varies from —
U(en) 10U when 0 < u < 7 and from Ui — 27 to 2”_‘1((11) when 7 < u € 27, the
integration volume becomes a lozenge—shaped area. Because the algorithm VEGAS™ is
designed for carrying out integrations over rectangular volumes, one cannot incorporate the
integration variables directly. Therefore, we have modified VEGAS such that the new
version enables one to evaluate integrations over a volume containing a lozenge—shape
area. Then, with respect to the sensitivity, the dependence of integrand on all integration
variables is well characterized. This enables one to fully exploit the power of the Monte
Carlo method. As a result, numerical tests show that with a few more random selections
than before, one is able to evaluate the 11—dimensional integrations successfully.

The above discussion is also applicable for'evaluating other 11—dimensional
integrations, i.e., those for .}'_(w), and for the frequency detuning correction terms of :t',,(w)
and .-I_( w) because their integrands have similar features. Numerical tests show that with

the modified version of VEGAS, we are also able to evaluate these as well.

F. Potential Models
Based on the progress mentioned so far, we are able to calculate converged line
shapes for H,O — H,0 without or with the frequency detuning correction, i.e., ¥,(w) and

& (w), or },(w) and :t’.(w), from potential models provided unless they are too complicated

(e.g. those consisting of several decades terms and parameters). There are several potential
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models available in literatures, such as HF!!, CI'2, Watts!3, RWK1!¢ and RWK2 model ™.
We have tested some of them to calculate the line shapes and the corresponding absorption
coefficients. Unfortunately, it turns out that the results obtained from these models
predict too much absorptions in comparison with experimental data. It has been shown in
our previous study®3 that the far—wing shape is very sensitive to the angular gradients of
.the potential. The reason is that contributions to the line shape come mainly from energy
contour areas at which large angular gradients of the potential are exhibited while the
potential values themselves are relatively small or even negative. We expect that such
features would not fully manifest their effects on other physical measurements on which
these models were developed. Therefore, the failure of these models is not surprising.

As an alternative, we assume that the potential for H,0 — H,O consists of a
Coulomb interaction represented by a site—site model, a short range repulsive interaction
represented by another site—site model, and an isotropic attractive dispersion interaction
proportional to —1/r8. For each H,0, there are two positive point charges + q located at
the H atoms and one negative point charge — 2q at a position along its symmetry axis a
distance d from the O atom. (A positive value of d means the charge — 2q is located on the
same side as the center of mass.) In addition, we assume that there are three repulsive
force centers: two located at the two H atoms ahd one at the O atom, and the repulsive
interactions have a form A;; ¢~ Tij/ P4, where ;; are distances between force centers, and
Aij and pi; are adjustable parameters. Accordingly, the potential V(r, 0., N,) considered
here is given by

V(r, 0, 2) =) ) g% +) ) Aye S _13_6 , (42)
iea jeb i€a jeb

and it contains 7 adjustable parameters: A A A and B. The values

00’ oo’ o’ Pow’ “w Prw
of ¢ = 0.60 (a.u.) and d = 0.4991 (a.u.) are determined such that they match the well
known dipole moment value 1.8546 D and yield Quadrupole moments §,, =—2.319 D A,

0,, = 2.635 D A, and 6, = —0.316 D A, which are reasonable in comparison with

<
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experimental values ., =—2.50 D A, 6,, =2.63D A, and fp, = —0.13 D A.15 We adopt
the potential form given by (42) and search for a set of potential parameters that enables
us to obtain satisfactory results for several properties of a dilute H,0 gas; e.g. the

absorption coefficient, the second virial coefficient, and the differential cross section.

G. General Features and Numerical Results for the Line Shapes

We have presented the line shape formulas applicable for both the pure rotational
band and vibrational bands. But, in the present study, the numerical calculations are
carried out for the former because not only is this the strongest band of H,0, but also most
of the continuum absorption measurements are performed in its high—frequency wing.

It is worthwhile to report general features of line shapes found from numerous test
calculations before we present more specified results. First of all, we find that differences
between i’,(w) and }',(w) calculated from the same potential are always less than numerical
errors. The formulas used to get }',,(w) and i’_(_w) are the same, but the input files
representing the two distributions G, ¢y (B> u, v) and G5 o (B, u, v), respectively, are
different. However, these two distributions differ from each other only slightly. In fact, as
explained above, they exhibit the same profiles over two sensitive variables # and u, and
are mirror images over the insensitive v. In cases that the potential contains cyclic
coordinates, it is easy to show analytically that these two distributions must yield the same
line shapes. For more general cases, given the fact that G, ¢y (B; v, v) and G e (B> v,
v) differ from each other as discussed above, Wersuspect that effects resulting from these
differences could cancel out in the averaging processes when the integrations are evaluated
by about 107 random selections. In the present study, we do not seek a general and
rigorous proof of this finding, rather we assume it. Then, we can draw the important
conclusion that by not considering the frequency detuning correction, the line shape
obtained from the formalism satisfying the detailed balance is symmetric. In other words,

if one does not consider the frequency detuning correction, one only needs to introduce one
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line shape function.

Second, we find that the calculated contributions from the frequency detuning
associated with 7 J(w) are opposite to those assdciated with .-(,(w), and the differences
between their magnitudes are always less than numerical errors. This indicates that these
correction contributions have the same magnitudes, but with different signs; this is not
surprising since we have already noted our finding for L(w) and i’_(w). In general, the
values of the correction contribution for };( w) are positive and those for 7 [(w) are negative
for w > 0 and vice versa for w < 0. In addition, we find that the correction contributions
are significant, especially at high frequencies, but they tend to become negligible near the
line center.

Now, we are ready to present some results. We find that by adopting AOO/k = 1.05
x 107K, p,, = 0.245 A, Agy/k=20x10°K, p =036 A, Ay =40x10°K,p, =
0.46 A, and B/k = 9.0 x 103 K, one is able to obtain }',(w) and }'(w) such that the
calculated absorption at 296 K can fit the experimental results in the spectral region 300 —
1100 cm™ very well. We note that because this window region is located at the
high—frequency side of the pure rotational band, the calculated absorption are mainly from
the contributions of },(w). The two line shapes }',(w) and .}'(w) at 296 K, together with
their mean :t’(u), are plotted in Fig. 3. As shown in the figure, the magnitudes of b J(w) are
larger than .}'.(w) and the relative gaps between them increase significantly as w increases.
The corresponding self—broadened absorption coefficients in the spectral region 300 — 1100
cm™! based on HITRAN 92 data are plotted in Fig. 4, together with the experimental
results of Burch et al.'® and some recent measurements of Cormier et al.!” Using this
potential, we calculate the second virial coefficients at several temperatures!® and compare
them with experimental data!® in Fig. 5. In addition, the calculated differential cross
sections together with experimental data?? are plotted in Fig. 6. We note that all these
physical quantities are associated with dilute water vapor, and as shown by these figures,

the agreements between the theoretical predictions and the laboratory measurements are




25

good.

Based on the same potential model, we calculated the two line shapes .}',(w) and
.}_( w) for several temperatures ranging from 220 K to 330 K which are of interest in the
atmospheric applications and the corresponding'absorption coefficients. Some of .}',(w)
obtained for 220, 240, 260, 280, 300, and 320 K with frequencies raging from — 1600 cm™ to
1600 cm ™ are presented in Fig. 7 and the corresponding :F.(w) are their reflections about
the w = 0 axis. As shown in the figure, these :l’,,(w) and }'_(w) are asymmetric and their
magnitudes increase as the temperature decreases. We note that these line shapes :L( w)
and ,-?_(w) presented here do not include a factor 1/w? as shown in Eq. (13). If one wants to
compare them to other line shapes (e.g. a Lorentzian), one has to multiply them by the
factor 1/w?. Also, the magnitude of :l',(w) or },(w) as w- 0 should approach the Lorentzian
halfwidth, although the present theory is not valid in this limit. It is clear, however, that
the theoretical shapes are super—Lorentzian for the displacements up to around 400 cm"..
and then become sub—Lorentzian for larger displacements. In fact, the line shape must
approach zero at least as fast as an exponential. This can be shown from the analyticity of
the correlation function; the successive derivatives of C(t) in the t = 0 limit correspond to
moments of the line shape in frequency space. Because the derivative are all finite, this
implies that all the moments of the line shape are also finite and, therefore the line shape
must approach zero faster than any inverse power of w. In Fig. 8, we present all the
calculated absorption coefficients ih the window region 600 — 1250 cm™. We note that for
a specified frequency w, we exclude completely any contribution from lines that are within
[w—25 cm™, w+ 25 cm™!] in the calculations. As shown by Fig. 8, the negative

temperature dependence of self—continuum is clearly demonstrated.

ITI. DISCUSSIONS AND CONCLUSIONS
In comparison with our previous studies on the far—wing line shape, there are

several important advances which have been made in the present study. First of all, by -
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clearly distinguishing the sensitive and insensitive variables and by modifying the Monte
Carlo subroutine used previously to handle integrations whose volume is not rectangular,
the effectiveness of the important sampling is enhanced significantly. As a result, by
accounting for random selections the order of 107 (which is comparable to or slightly more
than that required for lower dimensionality cases), one is able to evaluate 11—dimensional
integrations.

Second, we have carried out numerical calculations based on the formalism which
satisfies the detailed balance principle exactly and has a higher accuracy in the short—time
limit. As expected, this increases the difficulty because the evaluation of the integrands
requires more calculations. As shown by Eqgs. (3) and (4), within this formalism the dipole
moment operator appears in formulas in such a way that it is always sandwiched by the
density matrix. However, these two operators have different characters: one depends on
the coordinates only while the other contains the differential operators. No matter what
kind of representation is chosen, the sandwiched operators require more loops to evaluate
their values. As in our previous studies, we use the coordinate representation because it
enable us to include more populated states; we also introduce the distribution functions and
store them in files because it enable us to obtain_ values of the integrand with less CPU
time. But, to calculate these distributions with a high cut—off j .. requires long CUP
times. We note that for temperatures of interest in atmospheric applications, j,, = 23 is
enough, but for higher temperaturés, a higher j . would be necessary. With these input
files, to obtain values of the integrand becomes relatively easy. Combing the technique
mentioned above to reduce the number of random selection to the order of 107, one is able
to complete the evaluation of 11—dimensional integrations and to obtain a line shape in one
day with one workstation.

Finally, by carrying out band averages in a more sophisticated way, we can
calculate the two line shape functions. In addition, the effects resulting from the frequency

detuning have been taken into account in the averaging processes. We note that except for
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the simplest system, e.g. CO, — Ar,® the latter has not been done previously. In fact, most
of calculations are similar to those without includihg the frequency detuning correction,
except the integrand contains a derivative. As explained above, we have developed a
technique which enables one to overcome this obstacle and calculate the frequency detuning
corrections.

Based on numerous test calculations of line shapes during the course of study, we
can draw several important conclusions. It is necessary to consider the frequency detuning
correction because the effect on the line shape is significant, especially in the
high—frequency region. However, this effect shows up only when one distinguishes the
positive and the negative resonance lines and carries out the band average over them
separately. In other words, we have demonstrated that the line shapes obtained from the
two band averages is asymmetric and we have found that this asymmetry results from the
frequency detuning effect, or more specifically, from the distribution of lines within the
band of interest. In addition, we find that for the pure rotational band the magnitudes of
}'*(w) are signiﬁcantiy larger than .}_(w) for w > 0 and vice versa for w < 0, and these gaps
become larger as wincreases. We note that the conclusion concerning the asymmetry
claimed here is applicable for the band average line shapes and has nothing to do with
individual lines. ‘

Finally, we would like to make a few of comments on the vibrational bands. We
expect the main conclusions about the line shapes for the pure rotational band would _
remain true, but some different features could show up because the contributions to }',( w)
and }_(w) from the frequency detuning terms dépevnd strongly on the band structure. We
expect that the more unevenly and the more widely the lines are distributed within the
band of interest, the contributions come from the frequency detuning corrections will
increase and the more }',(w) differs from .},(w). It is well known that the line distributions
of the vibrational bands are quite different from that for the pure rotational one. The

former’s lines are, more or less evenly, located on both sides of the band centers, but the
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latter’s are always on the high—frequency side because the band center is zero. We note
that according to the definition, the average positive resonance frequency w introduced here
is not the band center. But these two are very close for the vibrational bands and are quite
different for the pure rotational band. We expect that for the vibrational band the
frequency detuning corrections could become smaller. This means that :t’,(w) and i’,(w)
differ from each other by smaller amounts. Meanwhile, we could not draw any conclusion
about which magnitude is larger because this is related to the special structure of the pure
rotational band. It has been known for years that the line shapes for CO, derived from
experimental data are asymmetric and they are not the same for different bands.?"?? So
far, there has been no theoretical explanation why the different bands have different shapes
without assuming that the interaction depends sensitively on the vibrational quantum
numbers which seems unlikely to be true. We think that both from the theoretical and
practical points of view, to investigate the lines shapes for different bands is an interesting

subject to pursue.
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LIST OF FIGURES

. 1. The two—dimensional distribution of G, ) (a, B, 7) of H,O over the Euler angles

a and 7 obtained at T = 296 K for j ., = 26. The values of the Euler angle f is
fixed and the four plots presented here correspond to f# = 5, 22, 38, and 50 degrees,

respectively.

- 2. The two—dimensional distribution of G; ¢y, (4, u, v) of H,O over the two sensitive

variables § and u obtained at T = 296 K for j ,, = 26. This distribution results
from the averaging G; ¢y, (6, u, v) over the one insensitive variable v. In contrast

with Fig. 1, a logarithmic coordinate is used for the G,y (8, u, v) axis.

3. The self-broadened far—wing line shape of H,O (in units of cm™ atm™) as a

function of frequency w (in units of cm™) for T = 296 K. The dashed curve
represents 4,(w) calculated from the positive resonance line average and the dotted
curve represents £ (w) calculated from the negative resonance line average. The

solid curve is i’(w) which is the mean of :h(w) and .}'_(w).

. 4. The calculated self~broadened absorption coefficient (in units of cm? molecule™

atm™) at T = 296 K in the 300 — 1100 cm ™ spectral region is represented by a. For
comparison, the experimental values of Burch et. al are denoted by + and those

from Cormier et al. are denoted by o.

5. The calculated second virial coefficients (in units of cm3 mol™) as a function of

temperature is represented by a solid line. The experimental data are denoted by .

6. The calculated differential cross section (in arbitrary units) as a function of the

laboratory scattering angle @ is represented by a solid line. The experimental values

of Duquette are denoted by n.

7, The self-broadened far—wing line shapes }Q(w) of H,O (in units of cm™ atm™) as a

function of frequency w (in units of cm™) obtained for T = 220, 240, 260, 280, 300,
and 320 K; these are represented by 6 curves in order from top to bottom. The

frequency w varies from — 1600 cm™ to 1600 cm™. The corresponding }’_(w) are
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reflections of }’,( w) about the w = 0 axis.

Fig. 8. The self--broadened absorption coefficient (in units of cm? molecule™ atm) in the
window region 600 — 1250 cm ™! calculated for T = 220, 230, 240, 250, 260, 270, 280,
290, 300, 310, 320, and 330 K in order from top to bottom. A cut—off 25cm ™ is used

to exclude completely any contribution of lines that are closer than this limit.
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